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In this white paper we will build a model to value perpetual debt assuming a constant (1) revenue growth rate and
(2) ratio of debt to annualized revenue. To that end we will work through the following hypothetical problem. ..

Our Hypothetical Problem

We are currently standing at time zero and are tasked with determining the market value of a company’s interest-
bearing debt. Our go-forward model assumptions are...

Description Value
Annualized revenue (in dollars) 1,000,000
Annualized revenue growth rate (%) 3.50
Ratio of interest-bearing debt to annualized revenue 0.35
Ratio of non interest-bearing debt to annualized revenue 0.20
Debt market yield (%) 6.00
Risk-adjusted discount rate (%) 9.50

Question 1: What is the book value of ib debt and nib debt at time zero?

Question 2: What is the market value of ib debt at time zero assuming that the debt coupon rate is 5.25%7
Question 3: What is the market value of ib debt at time zero assuming that the debt coupon rate is 6.50%7
Question 4: What is the market value of ib debt at time zero assuming that the the debt coupon rate is 6.00%?
Question 5: What is the market value of nib debt at time zero?

Question 6: What is the market value of the debt tax shield at time zero assuming that the the debt coupon rate
is 6.00%7

Balance Sheet

We will define the variable R; to be annualized revenue at time t and the variable w to be the continuous-time
revenue growth rate. The equation for annualized revenue at time ¢ as a function of annualized revenue at time
Z€ro is...

R; = Ry Exp {wt} ...where... % = w Ry Exp {wt} ...such that... dR; = w Ry Exp {wt} ot (1)

We will define the variable D; to be the interest-bearing debt balance at time ¢ and the variable € to be the ratio
of interest-bearing debt to annualized revenue. Using Equation (1) above, the equation for interest-bearing debt
balance at time ¢ is...

6Dy

D, =eR; = e Ry Exp {wt} ...where... T we Ry Exp {wt} ...such that... 6D; = we Ry Exp {wt} it (2)



We will define the variable G; to be the non interest-bearing debt balance at time ¢ and the variable 1 to be the ratio
of non interest-bearing debt to annualized revenue. Using Equation (1) above, the equation for non interest-bearing
debt balance at time { is...

Gy =nR; =nRoExp {wt} ...where... % =wn Ry Exp {wt} ...such that... 0G; = wn Ry Exp {wt} ot (3)

Increase/(Decrease) in Debt
We will define the variable P, to be the increase/(decrease) in interest-bearing debt over the infinitesimally small
time interval [t, ¢+ §t]. Using Equation (1) above, the equation for the change in interest-bearing debt at time ¢ is...

Pt:e§Rt(5t:weR0Exp{wt}5t (4)

We will define the variable P,; to be the cumulative increase/(decrease) in interest-bearing debt over the time
interval [a, b]. Using Equation (4) above, the equation for the cumulative change in interest-bearing debt is...

b b
Pa,b—/weROEXp{wt}ét—weRo/Exp{wt}5t (5)

Using Appendix Equation (38) and (39) below, the solution to Equation (5) above is...

P,y =weRg {Exp {w b} —Exp {w aH wl=¢€eRy {Exp {w b} — Exp {w a}] (6)

We will define the variable H; to be the increase/(decrease) in non interest-bearing debt over the infinitesimally
small time interval [¢,¢ + 0t]. Using Equation (1) above, the equation for the change in non interest-bearing debt
at time ¢ is...

th§Rt§twnRoExp{wt}5t (7)

We will define the variable H, ; to be the cumulative increase/(decrease) in non interest-bearing debt over the time
interval [a, b]. Using Equation (7) above, the equation for the cumulative change in non interest-bearing debt is...

b b
Ha,b:/wnRoExp{wt}6t:wnR0/EXp{wt}§t (8)

Using Appendix Equation (38) and (39) below, the solution to Equation (8) above is...

H,p, =wn Ry [Exp {wb} — Exp {wa}] wl=nR [Exp {wb} — Exp {wa}] (9)

Debt Service

We will define the variable C; to be debt service payments made over the infinitesimally small time interval [¢, ¢ + dt
and the variable a to be the debt service coupon rate. Using Equation (2) above, the equation for the debt service
payment at time ¢ is...

C’taDtétaeRtétaeRoExp{wt}(;t (10)
We will define the variable C, 5 to be cumulative debt service payments made over the time interval [a, b]. Using
Equation (10) above, the equations for cumulative debt service are...

b b

Coap z/aeRoEXp {wt} 6t:aeR0/Exp {wt} 0t ..when... w #0 (11)
b b
Cap :/aeRgét:aeRo/ét ...when... w =0 (12)



Using Appendix Equations (38) and (39) below, the solutions to Equations (11) and (12) above are...
Cap = aeRy {Exp {w b} — Exp {w a}] wl when... w#0 (13)
Cap :aeR0<b—a) ..when... w =0 (14)

Debt Tax Shield

We will define the variable S; to be the nominal value of the debt tax shield over the infinitesimally small time
interval [t, ¢+ dt] and the variable 7 to be the income tax rate. Using Equation (10) above as our guide, the equation
for the value of the debt tax shield at time ¢ is...

St:aTDtét:aeTRoExp{wt}ét (15)

We will define the variable S, 5 to be the nominal value of the debt tax shield over the time interval [a, b]. Using
Equation (15) above, the equation for the cumulative debt tax shield is...

b b

Sap = /aeTRO Exp {wt} ot = agTRO/Exp {wt} 0t ..when... w#0 (16)
b b

Sap = /aeTRoét:aeTRo/(St ..when... w =0 (17)

Using Equations (13) and (14) as our guide, the solution to Equations (16) and (17) above are...

Sap = eT Ry {Exp {w b} — Exp {w aH wl when... w#0 (18)

Sap = €T Ry (b — a> ..when... w =0 (19)

Valuation

We will define the variable V(IB) to be the value of perpetual interest-bearing debt at time zero and the variable
¢ to be the market yield on interest-bearing debt. Using Equations (4) and (10) above, the equation for the value
of perpetual interest-bearing debt at time zero is...

vm - [ (6= r)en{ ~ubi= fo-wermp{olen{-dla e
0 0

Using Appendix Equation (44) below, the solution to Equation (20) above is...

. €Ry .. when... w <k (21)
L—w

V(IB)

Note that when the debt service rate («) equals the debt market yield (¢) the market value of interest-bearing
perpetual debt equals the book value of interest-bearing perpetual debt at time zero.

We will define the variable V/(NIB) to be the value of perpetual non interest-bearing debt at time zero and the
variable k to be the risk-adjusted discount rate. Using Equation (7) above, the equation for the value of perpetual
non interest-bearing debt at time zero is...

vv15) = [ —sBsp { ~ e}t [ onromep {ur) Bun { — et} 2
0 0



Using Appendix Equation (44) below, the solution to Equation (22) above is...
V(NIB) = ——2 3Ry ..when... w < i (23)
K—w

We will define the variable V(DT'S) to be the value of the debt tax shield at time zero and the variable x to be the
risk-adjusted discount rate. Using Equation (15) above, the equation for the value of the debt tax shield at time

Z€ero is... - -
V(DTS) = /StExp{ - nt} ot = /aETRoEXp {wt} Exp{ - Ht} ot (24)
0 0

Using Appendix Equation (44) below, the solution to Equation (24) above is...

aT

V(DTS) = €Ry ..when... w <k (25)

R—W
Answers To Our Hypothetical Problem

Question 1: What is the book value of ib debt and nib debt at time zero?

Per our model go-forward assumptions, the values of Ry (annualized revenue at time zero) and e (ratio of debt
principal to annualized revenue) are...

Ry = 1,000,000 ...and... ¢ =0.3500 ...and... n = 0.2000 (26)
Using Equations (2) and (26) above, the answer to the question is...
Dy = 0.35 x 1,000,000 = 350,000 ...and... Go = 0.20 x 1,000,000 = 200, 000 (27)

Question 2: What is the market value of debt at time zero assuming that the debt coupon rate is 5.25%7

The values of a (debt coupon rate), x (market yield), and w (continuous-time revenue growth rate) are...
a =0.0525 ..and... kK =0.0600 ...and... w =1In (1 + 0.0350) = 0.0344 (28)

Using Equations (21), (26) and (28) above, the answer to the question is...

0.0525 — 0.0344

Vo = o0 T o
%™ 0.0600 — 0.0344

x 0.35 x 1,000,000 = 247,460 (29)
Question 3: What is the market value of debt at time zero assuming that the debt coupon rate is 6.50%?

The values of « (debt coupon rate), k£ (market yield), and w (continuous-time revenue growth rate) are...
a =0.0650 ...and... kK =0.0600 ...and... w =1In (1 + 0.0350) = 0.0344 (30)

Using Equations (21), (26) and (30) above, the answer to the question is...

0.0650 — 0.0344

00600 00343~ 0-3% % 1,000,000 = 418, 359 (31)

0
Question 4: What is the market value of debt at time zero assuming that the the debt coupon rate is 6.00%?

The values of « (debt coupon rate), k£ (market yield), and w (continuous-time revenue growth rate) are...
a =0.0600 ...and... x =0.0600 ...and... w =1n <1 + 0.0350) = 0.0344 (32)

Using Equations (21), (26) and (32) above, the answer to the question is...

0.0600 — 0.0344

= 50600 —0.0a4q < 0-35 1,000,000 = 350,000 ...when... w < & (33)

0



Note that when the coupon rate equals the discount rate (market yield) the market value of the debt equals the
book value debt.

Question 5: What is the market value of nib debt at time zero? The values of x (discount rate) and w (continuous-
time revenue growth rate) are...

K =In (1 + 0.0950> =0.0908 ...and... w=1In <1 + 0.0350) = 0.0344 (34)

Using Equations (23), (26) and (34) above, the answer to the question is...
_ 0.0344
0.0908 — 0.0344

Question 6: What is the market value of the debt tax shield at time zero assuming that the the debt coupon rate
is 6.00%7

V(NIB) = % 0.20 x 1,000,000 = —121,986 ...when... w < (35)

The values of « (debt coupon rate), x (discount rate), 7 (income tax rate) and w (continuous-time revenue growth
rate) are...
a =0.0600 ...and... Kk =1n (1 + 0.0950> =0.0908 ...and... 7=0.1250 ...and... w =1n <1 + 0.0350) = 0.0344

(36)
Using Equations (25), (26) and (36) above, the answer to the question is...

0.0600 x 0.1250

DTrS)= —/—————
V(DTS) 0.0908 — 0.0344

x 0.35 x 1,000,000 = 46,543 ...when... w < & (37)

Appendix
A. The solution to the following integral is..

1= [ {atha= 2 [ o) - Lpw foxs) - B fona] mben s 0 a9

a

b b
I:/Exp {xt} 6t:/(5t:b—a ..when... =0 (39)

a

B. The solution to the integrals in Equations (38) and (39) above when the bounds of integration are [0, 7] is...

T
= X xT :l X xT — X T :l X xT — .when...
1= [om{eo= o {onr-mfenol] <2 o et} 1] v 0 o

I:/Exp {xt} 0t=T—-0=T ..when... 2 =0 (41)
0

C. Using Equation (40) above, the solution to the integral in Equation (38) above when the bounds of integration
are [0,00] and < 0 is...

I= /Exp {mt} ot = 1 [Exp {a? X oo} — Exp {a: X OH = 1 {0 — 1} = 1 ...when... x <0 (42)
x x z
0

D. The solution to the following integral is...

I= O/(Oz—w)eRoExp{wt} Exp{ —m} 5t = (a—w)eRoo/Exp{(w—n)t} (43)

Using Appendix Equation (42) above, the solution to Equation (43) above is...

o — W

I =

eRy ..when... w <k (44)

R —W



